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Amplitude Equation for Lattice Maps,
A Renormalization Group Approach
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We consider the development of instabilities of homogeneous stationary solu-
tions of discrete-time lattice maps. Under some generic hypotheses we derive an
amplitude equation which is the space-time-continuous Ginzburg-Landau equa-
tion. Using dynamical renormalization group methods, we control the accuracy
of this approximation in a large ball of its basin of attraction.
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continuous spectrum.

1. INTRODUCTION

Instabilities of extended systems lead to a large number of interesting
phenomena and in particular to the appearance of well defined struc-
tures.> 12 We will consider in this paper the case of discrete time iteration
of lattice systems. These are dynamical systems defined on the phase space
[°(Z4 R) which will be abbreviated below by /. The time evolution is
given by a map & of /® into itself for which we will make the following
basic hypothesis which also includes the dependence on a real parameter.

H1. &:Rx/®—>[® & is C?in its first argument and C* in the
second one on some neighborhood of the origin. Moreover @ commutes
with the translations on Z¢,

The time evolution for a fixed parameter # is given as follows. If
u'el® (teN) is the state of the system at time ¢, the state of the system
at time 7+ 1 is given by

yl—b- L _ ¢(}7, yl)
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There are many examples of such dynamical systems. We will just
mention the class of coupled lattice maps and also notice that many algo-
rithms used for solving numerically partial differential equations are of this
form (for example finite difference schemes).

One would like of course to understand the properties of this dynami-
cal system and in particular the large time dynamics. In finite dimensional
dynamical systems, varying a parameter is a very efficient way to discuss
the increase of complexity of the time asymptotic dynamics. This increase
of complexity can occur at well defined threshold values of the parameter
called bifurcations for which detailed results are available in particular for
the bifurcation of stationary solutions.® Such bifurcations can occur when
there is a change in the stability of the stationary solution. An important
tool in bifurcation theory of stationary solutions is the normal form equa-
tion which provides a model for the dynamics. It describes to leading order
the evolution of the amplitudes in the directions in phase space which are
becoming unstable at the bifurcation point. Moreover for generic systems
these normal forms are in some sense universal.

For spatially extended continuous systems which depend on a param-
eter, phenomena analogous to bifurcations can occur when a stationary
solution becomes unstable. They are studied using similar ideas, in particular
the amplitude in the unstable direction plays a dominant role in the
description of the dynamics. Amplitude equations have been derived in
various situations,® 2 and one often encounters the so-called Ginzburg—
Landau equation. Rigorous derivations of the Ginzburg-Landau equation
in one space dimension have been obtained.® ! 135 The result is similar
to what occurs for normal forms in finite dimensional dynamical systems,
namely the space-time function reconstructed using the solution of the
amplitude equation stays close to the solution of the true evolution (with
the same initial condition) for a large time. However this method usually
provides only an approximation of the true solutions and for very large
times, neglected small errors usually grow due to instabilities.!? Neverthe-
less, just before the approximation becomes too inaccurate one can restart
the process with a new initial condition which is the present true solution.
This provides a shadowing of the true solution by a sequence of chunks of
solutions of the amplitude equation. We refer to the previously mentioned
references for more detailed discussions of these results.

The shadowing of a solution of the true equation by a reconstructed
function from a solution of the amplitude equation is only valid for initial
conditions of a rather limited form, namely those which can be reconstructed
from an initial condition of the amplitude equation. Eckhaus‘® has shown that
this condition can be somewhat relaxed and that after a relatively short time
any small enough initial condition leads to a solution having the right form.
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We will consider below all the previously mentioned results for the
case of discrete dynamics of one dimensional lattice systems. We will
recover all the results obtained in the continuous case and extend them in
various directions. In order to do this we will use a renormalization group
approach.” Besides its systematic simplicity this method will also have
the advantage of providing a rigorous basis for the universality of the
amplitude equation. In the finite dimensional situation transversality
arguments can be used, however in the infinite dimensional case the equiv-
alent results are not known, and universality provided by the renormaliza-
tion group method is a good replacement.

Another advantage of the renormalization group argument is that it
will allow us to deal with initial conditions which are small but of order
unity, independently of the smallness of the parameter. As we will see
below the renormalization group flow draws an initial data of size of order
one to a configuration of size ﬂ At the same time the renormalization
group flow puts the solution in a resonant form providing a natural proof
of the previously mentioned Eckhaus result. Finally when the renormaliza-
tion group stops improving the size and form of the solution we get the
amplitude equation together with a rigorous proof of the associated
shadowing properties. The same ideas can probably be applied in the con-
tinuous space and time case and will eventually provide some improve-
ments in term of simplicity and naturalness of proof as well as better
bounds. Different approaches to amplitude equations using renormaliza-
tion have been discussed by Goldenfeld et al.® However since there is
already a large literature for the continuous case we will not consider this
situation. Note also that we will treat a rather large class of systems whose
continuous equivalent would include pseudo differential operators.

We will mostly deal below with one dimensional systems (d=1)
although the same method works in higher dimensions, at least when the
amplitude equation is not too convolved. Systems of coupled equations
(corresponding to vector valued fields) can be treated similarly.

Since we will be interested in instabilities of stationary solutions, we
will now assume for simplicity that the zero element of /* is a stationary
solution of the dynamical system. In many cases this can be realized by a
translation in function space.

H2. ®(5,0)=0 for any neR.

We will make some assumptions on the linearized evolution around
this fixed point.

H3. We will assume that the operator L,=D,®(0,0) which is
bounded in /™ and commutes with translations can be represented as the



1078 Collet

convolution with a (real) sequence /e /', Let /(f) be the Fourier transform
of /

(o)=Y l,e"

neZ

We will also assume that

2 Il <o

nel

and that |/[(8)| €1 with [[(w)] =1 for a unique we ]0,n[. We will also
assume that {w)# —1 and w¢ {n/2, 2n/3}. Moreover, we will make the
non degeneracy assumption

3 l"(w)_l'(a))2
D= G T |

As we will see later on, this last number is always non negative. Notice
that l(w) =K —w). The particular cases which are excluded by the above
hypothesis correspond to some strong resonances. We will not consider
them further below although some interesting results can probably be
derived in these situations using the ideas of the present paper.

The hypothesis D # 0 ensures some dissipative property of the system.
This is why we will obtain at the end an amplitude equation with a diffu-
sion term (the Ginzburg-Landau equation). It should be possible to
develop similar ideas for situations corresponding to D =0 and this should
lead to other “universal” fixed points. Technically the importance of the dif-
fusion term is that it will provide regularity for the solutions of the
amplitude equation. This will be discussed in Appendix A.

We now need some hypothesis on the higher order derivatives of ®.

H4. The translation invariant bilinear and trilinear operators
Q=D3®(0,0)/2 and C=D3&(0,0)/6 are given by a double (respectively
triple) real sequence (q,, ,,) €!'(Z?) (respectively (c,, . ,) €!'(Z?)), namely

Q(y)r= Z Gr—nr—mUntm

(n,m)eZ

and
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in order to avoid some convergence problems, we will assume that these
sequences satisfy

Y Nguml (Tlal+1mD+ ¥ eum ol (14 |0+ Im] +]pl)* < 0

(n,myel (n,m,p)eZ

We will also make the non linear stability assumption

dw, 0w, —w) 4q9(w,0)glw, —®) 2q9(—o,2w) q(w, w))
=—-R
d < l(w) +31(w)(ll(w)l2—1(0))+31(w)(1(w)2—1(2w)) >0

where

(91, b2, ¢3) = Z cp.q.re_i(p¢l+q¢2+r¢3)
Pt

and
q(9,, $2)= Z q[,,re—"(prm +r¢)
b r

The last two terms containing g appear after the elimination of quadratic
non resonant terms, this will be explained in Section III. The requirement
g>0 is important because it will ensure a cubic term in the amplitude
equation, and this cubic term will have a negative sign which will provide
global stability of the solutions. This will be discussed in Appendix A.

Finally we will also require that the dependence on the parameter
allows the instability to occur. Namely, changing the parameter will force
the stationary solution to become unstable.

H5. We will assume that the operator L, =D, D,®(0, 0) which is
bounded in /* and commutes with translations can be represented as the
convolution with a (real) sequence me!'. We will assume that

Y n? |m,| < o0
neZ

Let m(6) be the Fourier transform of m, we will also assume that

Note that, as for the function m, we have m(—8) = m(0).
The consequence of this hypothesis will be the occurrence of a linear
term in the amplitude equation which destabilizes the zero solution.
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At this point we can give a hand waving argument explaining why the
Ginzburg-Landau appears so often. In one dimension if we try to write a
simple non linear equation containing a diffusion (ensured by H3), a cubic
term which stabilizes large fields (ensured by H4) and with a zero solution
unstable (ensured by H5), the simplest candidate is precisely the equation
(GL) of Theorem I.1 below.

A simple example satisfying the above hypothesis can be constructed
as follows. Let / be a bi-infinite sequence of real numbers satisfying H3, we
define the map @ by

D(n, u),=nu,+y 1, u,—(u,)’ (L1)
q

In this particular situation, H1 and H2 are easily verified.
This is a natural generalization of the discrete Swift-Hohenberg evolu-
tion which is given by

w, =L+ u,—p(1+y 4)* '), — (u,)’ (DSH)

n

where 4 is the discrete Laplacian
(Ay)n =Uy i + Uy —2un

In order to explain some of the arguments in a simpler situation we will
also sometimes make the following hypothesis.

H3’. /is even and satisfies H3.

Note that in this case /(0) is even and real, /( +w)=1 and I'( £ w)=0.
For the particular case of (DSH) one has

K¢)=1—p(1 —2y+2ycos )
and the hypotheses H1-H5 and H3' are satisfied if one assumes
y>1/4 and 2/p >max(1, (1 —4y)?)

We now formulate the main result of this paper for the evolution (L.1).

Theorem |.1. Assume H1-H5 and H3’, then there are constants
R>0,1>7n4,>0,¢,>0,.,¢,>0 such that for any ne]0,#5,[, for any
uel® such that |u|,~- <R, if (¥),.n denotes the orbit of ¥ under the
discrete time evolution (I.1), then
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(i) there is a positive number T= T(u, #) such that for any integer
t>T

llee“l 1= <C1’7l/2

(ii) For any integer ¢ > T there is a function A(z, x) from R* xR to
C satisfying the Ginzburg-Landau equation (abbreviated below by GL)

0, A=A+ A— A |A|? (GL)

such that for any integer s with 0 <s<c,7~'logy~' we have

t+s 1/2+ ¢4

llu Vo <y

where

8 =372y 12 A (ns, n'?n /2/D) + c.c.

Theorem 1.1 can be understood in the light of the basic principles of
bifurcation theory. First of all we have an “unstable” direction in phase
space which is the sequence (e”") (and its complex conjugate). As in finite
dimensional bifurcation theory, the non trivial solutions are sought in the
form u’ = A'e™", where 4 is a slowly varying function of space and time
(it is a non trivial consequence of our theorem that locally there are no
other long time solutions). The equation for 4 should ensure that in the
evolution equation for u all resonant terms (i.e., terms containing e*”)
disappear. These resonant terms come of course from the linear part of the
evolution equation but also from the non linear part. If we examine more
carefully the second contribution, we see that quadratic terms in ¥ (and all
even higher order terms) should not contribute, whereas cubic terms {and
higher odd powers) generate resonant terms. If the solution is small, cubic
terms dominate. If we assume that the dispersion relation is non degenerate
at the critical wave number (here D> 0), one is naturally lead by scaling
arguments to the equation

0,A=A"—A|A|? (F.P.)

Note that this equation has the one parameter family of scale invariance
x — Ax, t > A*t, A - AA. This equation can be considered as a fixed point of
a renormalization operation. An important property of (F.P.) is that all
solutions with bounded initial conditions tend to zero when ¢ tends to
infinity. A term ¢4 added to (F.P.) corresponds to a relevant direction."
This is how the complete Ginzburg-Landau equation appears. The proof
of Theorem 1.1 is essentially a control of the R.G. flow in the vicinity of
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(F.P.) done from the point of view of the solutions i.e., proving that the
unstable manifold is transversally stable.

We implement these ideas in Section II. We first give estimates on
various operators which are needed to control the time evolution of the
remainder. The recursive renormalization argument is given at the end of
the section.

In Section ITI we will give the equivalent result under the more general
hypothesis H1-H5. Technically the proof is not much different (except for
the treatment of the quadratic term). However one has to deal simulta-
neously with several details which somewhat obscure the main ideas, this
is why we have chosen to explain first in Section II the simple case, and
explain in Section III the necessary modifications for the general case.

Il. RENORMALIZATION PROOF OF THEOREM 1.1

In this section we will prove Theorem I.1. We will thercfore always
assume that # is a positive number.

We start by fixing a renormalization factor .S which is a positive number
larger than one. Although the final result will be essentially independent of S,
it is convenient in the present discrete space-time setting to take for S an
integer (for example S =2). This avoids using integer parts of various time
scales. We can now define a sequence of scales (J,),.n for the wave
numbers by

5, =S""

In other words we have a sequence of space scales given by (5, '), en. AS
we will see below, since we have a “trivial” scaling, this induces a sequence
of time scales (d, “),.n, and a sequence of field scales given by (J,),cn-
We will also need below a sequence of scales (6,),.n for a window of
unstable wave numbers. It is convenient to choose this sequence of the
form

0,=(3, ")
where ¢ is a positive number smaller than one and small enough. We will
for definiteness choose ¢ =1/5.

As usual with renormalization group arguments, all the steps are
similar except for a change of scales. Therefore we will start by assuming
that a scale has been fixed (i.e., an » in the previous sequences). Hence we
have a scale § =4, for the solution, namely we will assume from now on
that the initial condition u satisfies

S0 <lully= <0
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We also have a scale 8 for the normalized width of the window of wave
numbers. One should think of § as a small number (but possibly of order
one, i.e., a negative power of S), and 6 as a large number such that §6* is
small (e.g., 0 =6 ~'7). Explicit constraints on & and 6 will be given later on.
In particular we will always assume that J6 < 1/8 (see Appendix B).

We now introduce three operators whose sum is the identity and
which are essentially projections on sequences with wave numbers near w.
In /® we cannot use Fourier transform to define projections which would
sharply cut the Fourier spectrum. We will instead use a smoothed version
of this idea. Note that contrary to the case of projections, the construction
will not be unique, and we will now make a convenient choice. The final
result will not depend of this choice as long as we efficiently separate short
and large scales. First we choose a cut-off function  which is infinitely dif-
ferentiable, non negative with support in [ —2,2] and which is equal to
one on the interval [ —1, 1]. We then define a sequence K, , by

K, o(n) =30F y(no0)

where & denotes Fourier transform on the real line. Convolution by K ,
localizes the wave numbers in an interval of length 466 centered at the
origin. In particular, for 66 <zn/2, since that ¥ has compact support we
have for —n<d<n

Y Kso(n)e™ =y(67'67¢)

We now define three operators P ,, P; , and R; , by their kernels, namely

Py o(n,m)=e"Ks o(n—m)e "

iom

P; n,m)=e"""Ks y(n—m) e
and
R(S,H=I—P;:B—P6_,B
From the above remark about the action of the convolution by K ,, we
see that PJ, localizes the wave numbers around w and P; , around —o.
In particular, if J is small enough, we obtain two disjoint intervals of wave

numbers.
We now define a constant C, by

C,=2(1+ sup |’Fyl,)

0</j<5

This constant will be a convenient bound for several quantities below.
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Lemma Il.1. For any 0<dfl <n/2, the operators Pj,, P;, and
R;, o have a norm bounded by C, in [,

The proof is an immediate consequence of the fact that the function
belongs to the Schwartz space .

We now decompose any sequence uye!/* using the above three
operators.

Lemma {l.2. For any real sequence we!/®, there is a function
Be C4R, C) such that

e " "P} (u), = B(dn) VneZ
and satisfying
max{f/ |0/B||«; j=0,..,4} < C, ||lu] ;=
We have also
e“"Py (), = B(dn) Vnel

This is an immediate consequence of the definition of P3, and inter-
polation. In order to fix entirely B one can use the following explicit choice

B(x) =060 Y. Fy(x0 —mdd) e "u,,

We also define the remainder r° by

I0=R5,0“

We now denote by A4 the solution of the Ginzburg-Landau equation
0, A=A"+nd6724A—A|A|? (IL.1)

with initial data
A(0, x)=./36"'B(x /D/J2) (IL1")

It will be convenient in the sequel to denote by o7’ the sequence

ol =312 452 1 5\ /2/D) + c.c. (11.2)
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Finally, the equation for the evolution of the remainder term
r'=u'—od’
is given by
Pl = (L), =3 Sl =3O S — () + Ry (I13)
where we have denoted by L the operator
Lv=Ixp+nv
and the sequence &' is given by
R =5(Ll"), — 5> — ol " (IL4)

Using equation (IL.1), we now derive an estimate for the forcing
term X'

Lemma H.3. There is a constant C, > C, such that for any 66* < 1,
and 6 >#'2, if B is a function of x satisfying

max{@ﬂf ||ajB”I°°; .]= 03'"9 4} S 5C1

if A denotes the solution of (IL.1) with initial condition (II.1"), and if .&/*
is constructed from A4 as in (IL.2), then for any te N we have

lofle<Cay R +€'1=<Cy %% | 2'))=<C,y0°
where the sequence €' is given by
@' =37"325%3" 43(8%, n & \/2/D) + c.c.

Proof. 1t follows easily from (IL.1') and Lemma I1.2 that A(0,-)
satisfies the hypothesis of Lemma A.1 of Appendix A. The first bound on
" follows at once from this Lemma. The third estimate is an obvious
consequence of the second one, of the definition of ¢* and the bound on
A from Lemma Al.

The crucial estimate is the second one where all “resonant terms” drop
out. Using Lemma A.1, we have

.ﬂ;’_"l — 3—1/2€mwA(52t’ n 5 \/2/—D) + 3~l/2 526""0
x 0, A(6%, n 8 \/2/D) + O(6*) + c.c.
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We now consider the sequence L.o/’. We have from the definitions

(L) =—]—e

inwl
#9=7 é(

e g(82%t,n 0 /2/D) + c.c.

—m) e™A(6%, (n+m) 8 /2/D)

1
+n—rce

/3

It follows from Lemma A.1 of Appendix A that there is a constant M’ >0
such that for any meZ

A0, (n+m) 6 /2/D)— A(6%t,n 6 /2/D)

—méf@ A(8%t,né\/2/D) ——————62 A(8*t,n 6 . /2/D)
<SM'(1+\m)?) 8%6°

Since / is even and its Fourier coefficients are real, it is a real valued
function. It follows from H3 that + is a critical point of / with critical
value 1, therefore

Y l(—m)em™ =1, and Y mi(—m) e =0

The estimate on #' + €* follows at once by collecting all terms and observ-
ing that the terms of order ¢ and §? are absent, while the term of order &3
is equal to zero because its coefficient is precisely the Ginzburg-Landau
equation (using H3-H5).

We now start estimating various operators needed below in the proof
of Theorem L.1.

Lemma Il.4. There is a constant C;> e such that for any 0 <y <1
and for any e N we have

DL < Caen =D

The proof is given in Appendix B.
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Lemma I1.5. For any reN,0 <y <1 and 1> 6%0*> 4Dy we have
IL'Rs, ol < Coe™ 20

The proof is given in Appendix B.
It will be convenient to denote by L, the linear operator given by

(Lw),=—=36%A ) v,—30r v, —r(.)v,

Note that
ry = (L), + (L), + Ry, (IL5)
Lemma 11.6. We have for any >0
UL <S5 Nl 17 + eIl )

This is obvious from the definition of L,.

Lemma I.7. IfO0<t,<r<n~ we have

NELAL) (L L)l S Ca(l4 sup SCyS "7 + )~

st

Proof. We first expand the product (L+L,)---(L+L,). It is a sum
of 2/~ %*! terms of the form

L'*C,Lfl...Ll*C,oLfro
0

where the numbers {, are equal to zero or one. Using Lemmas I1.4 and
IL6 it easily follows that

ILY 5L L S0 Lin e < CAH IS sup (6% IR + P11 ))"

hssst?

where k is the number of {, equal to one. Therefore

IWL+L)--(L+L,)~

t—1p+ 1 f— 1
<y ( fot >C§+'5k( sup (82 . °12 + 112 )

k=0 k pss<t

and the result follows.

If t—t,>n"", we can split this time interval in various sub-intervals
of length [#~'] plus a remainder. We immediately obtain the following
corollary.

Corollary 1.8. For any 0 <t,< and # < 1/2 we have

(L +L,) o (L+ L/O)H/‘ < C;+2»711710)65C3(1—!0+ 1)SuP,0<x<r((52 121« + 11 )
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We now start estimating the remainder r’. This will be done in two
steps. Namely, during a time of order 2 we do not loose too much on
the estimate of the remainder. After this time has elapsed and up to a time
of order 0(1) 5 2logd~"' the estimate improves because the remainder is
in a contracting subspace of the linear evolution. When we reach this time
(after which we may somewhat loose again on the estimate), we perform a
renormalization step and start the whole process again.

Lemma 11.9. There is a constant 1 > C, > 0 such that if C, > %>y,
if t<C,6 %and 0 <5~"4/(2C,) then

]l <4C,Cy 8

Proof. Let the non decreasing sequence of positive numbers o, be
defined by

g,=d0"" sup |r’ll=

O0<s<1t

Note that by definition of C;, we have 0,< C, <4C,C,. We have from
Eq. (IL5) the identity

I
P =(L+L) - (L+Lo)r°+ Y (L+L)--(L+L;, )%’
j=0

Using Lemma I1.3 and Lemma I1.7 we obtain

£+ e S C3(1+5C3 33 C54+02)) 1 104

+ z Cy(1+5C, % C3+0a7)) 7 12/ 1=

j=0

2 2 2
< C3(C| + C2) 5e(r+l)¢) 5C{(Ci+0ay)

since 102 < 1. The result now follows recursively from the choice of the
constant

log 2
Co=—=
*7170CiC?
We now improve the Previous result using the support properties of
the spectrum of r® and of #'. We first derive an equivalent of Corol-
lary IL.7.
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Lemma I1.10. There is a constant Cs>1 such that if <1/2,
86 <1, 62>y, and ¢ is such that for 0 <s<¢ we have ||r'] <4C,C, J, then

HLA+L) - (L+Lo) Ry pll < Cs07 25517 4 Cye =100

Proof. We first observe that

(L+L)-(L+Lo)=L"""+ 3 (L+L)---(L+ L, )L, L

5s=0
where as usual, the elements with indices out of range are equal to identity.
We now apply Lemmas IL.5-11.7 and Corollary 11.8 to get
ICL+L,)--(L+Lo) Ry oll,~
< Cue PP L 5(CI416C2C2) 87

t—1
D822 . o asye? 2 2
% Z e sDo ()/8C:|§+2I1(I s)eSC3(! $)34(Cy+16C5C3)
s=0

from which the result follows immediately.

Corollary 11.11. There are constants C; > Cs and C; > 0 such that
if J is small enough so that the numbers +3w (mod 2x) do not belong to
[w—200,w+200]U[ —w—260, —w+205], then if r is such that for
0<s<t we have |r']| <4C,C;4, and if C;6 2logd '>t=C,572 we
have

lrll < Ce 067

The proof is similar to the proof of Lemma IL9 using Lemma II.10,
Corollary CI, and the relation

S LAL)(L+L, )R
j=0

t i t
=y L@+ Y (L+L)---(L+L, )LL)
i=0

J=0s=j+1

We can now give the recursive proof of Theorem I.1. We start by
selecting an integer n, large enough so that all the constraints on § =4,
and 0 =46, in the previous Lemmas are satisfied for n > n,. We also assume
ng large enough so that log 6, ' > (S + 1)?+ 1. We define R=4,,. Note that
the choice of n, is independent of 7. We now define 5, by 7,=5 ~*62/8.
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Since the proof is recursive we will therefore assume that we have
reached a situation corresponding to scale J,(n <#y). In other words we
assume that u° satisfies

lu®ll,« <4,
We will also assume that
”yOH/" > Sil 5!1

otherwise the choice of n is not optimal. Finally since we are for the
moment interested in the first part of the Theorem, we will also assume
that 62> 7.

We now consider the time evolution starting from this initial data »°,
and we will apply the previous Lemmas with =4, and 0=0,=6,°. We
first apply Lemma I1.2 to get a function B with the corresponding estimates
on the derivatives, and we define the function A(7, x) solution of (II.1) with
initial data (I1.1'). We also define the remainder r°.

The time evolution will now be split into two parts. We define a first
time

t,=[C,6,%]
On the time interval [0, ¢,], we have from Lemma I1.9
Il <4C,C4 4,
We now define a second time by
T,=[Csd,logd, "]

where C,> Cy3>0 and Cj is small enough so that for t < Cyd 2 logd ",
all the exponentially growing factors which appear in all the previous
lemmas are smaller than ¢4,

On the time interval [¢,, T,,], we can now apply Lemma ILI1. In
particular, there is a time .7, which satisfies

<T,

n

t, <7,

n n

where we have

7= <871 6,/2
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and also using Lemma A.2.
13=124(857,, Il =< S7'/2
Therefore
47"l < 8ppy

and we can now repeat the argument with n+ 1.

The proof of the second part of Theorem L1 is essentially similar. We
first define an integer N as the smallest integer such that § , < S»'/2. We can
now repeat the above proof and the result follows since T is of the right
order.

lll. THE GENERAL CASE

In this section we will prove the following theorem which is a
generalization of Theorem I.1.

Theorem IlIl.1. Assume hypothesis H1-H5. Then there exist con-
stants R>0, n,>0, ¢,>0,.., ¢, >0 such that for any ne ]0, #,[, for any
uel® with {u,~ <R, if (4'),cn denotes the orbit of ¥ under the discrete
time evolution @, then

(i) there is a positive number 7= T'(u, #) such that for any integer
t>T

']l ;= < ey

(ii) Define the constants a, §, g, y and V by

0= —, e =lw), y=3—— V=_—j ——

I"(w) 4 m(w)
Dl(w) pllw)’ l(w)

and

gllw) 3gl(w)(|{w)|* = 10))  3ghw)lw)*—I2w))

For any integer ¢ > T there is a function A(t, x) from R* xR to C satisfying

0, A=(1+ix) 024+ A—(1+if) A|4|? (CGL)
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such that for any integer s with 0 <s<c,7~'logn ' we have

t+s 1/24 ¢4

llu Vil <3

where

o8 = eftor it omy L/ /—3% A(pnt,n'? /2p/D(n+ V1)) + c.c.

We recall that the constants D and p have been defined in hypothesis
H3 and H5 respectively.

Lemma 1.2, The number D is non negative, and the number V is
real.

Proof. Let {(8#)=1(0)/l(w), this function is equal to one in # =w and
this is a point where its modulus is maximum. Let {; and {,; denote the real
and imaginary parts of {. Writing that the first derivative of the square of
the modulus of { in w is equal to zero and the second derivative is non-
positive, one gets immediately (using {;(w)=0)

(r(@)=0, and  (Rw)+({(w)*<0

and the lemma follows.
From the differentiability of @ we can write

D(n,u)=L'u-+nL"u+ Q(u, u) + Cu, u, u) + G(n, u) (ITIL.1)

where G is a nonlinear map, differentiable which is at least of degree 4
in u, at least of degree 2 in # and at least of degree one in n(u)>

Our first goal is to eliminate the quadratic term Q. As we will see, this
is not entirely possible, but it will be enough to eliminate the dominant
part of this map. The main idea is of course that Q should not give rise to
a resonant term, and therefore it should be possible to eliminate the qua-
dratic terms by a nonlinear change of variables. An implementation of this
idea is given by the following result.

Theorem I1l.3. There is a (differentiable) quadratic operator S in
[* such that if & denotes the operator

F(u)=u+ S(u)

then on some neighborhood of zero & is invertible (with differentiable
inverse), and the maps

D, )= o®(,-)o F
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satisfy the hypothesis H1-H5 with a quadratic part J = D2&(0, 0)/2 such
that its Fourier transform §(¢,, ¢,) is identically zero on a nelghborhood
of the points ( +®, +®) and of the lines ¢, + ¢, = +w. § satisfies also

Y (L+1nl+1m|) |Gy ml < o0

Moreover, we have
D,&(0,0)=L', D,D,$(0,0)=L"
and
D38(0,0)(v, 1, v)/6 = C(n, 1, v) +2Q(v, S(v))

and the Fourier coefficients of this form decay also polynomially fast.

Proof. By continuity, it follows from H3 that we can find a number
h < w/4 such that if ¢, and ¢, belong to the intervals [ +w — 24, +w + 2A]
then (¢, + ¢,) —I(d,) l(¢,) #0. Moreover, we can choose 4 small enough
such that if |¢, +¢,+ w| <2k then either |, +w|>2h or |p,+w|>2h
and (¢, +¢,) — U¢,) [(¢,) #0. Let

Vo) =y((0+w)h™'/2) +¥(6—w)h™'/2)

where ¢ is the cut-off function defined at the beginning of Section 2. We
now define a double sequence (I, ,,) by

-[Wo(‘/’ Yold)) +o(d) + 8,)
n,m 4

—i{¢ n+¢ym)
16y +62)— Ky B) ¢ a1 a9

Since the function ¥ defined in Section 2 is regular with compact support,
it follows that the sequence (I, ,,) belongs to /'(Z?). Note also that this
sequence is real. Moreover, we have

Y AT, Wl (1+ 0] +|m|)* < 00

n.m

for any integer k.
We now define the double sequence s by

s=Ixq
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and the quadratic map S by
S(y)n = Z Snfp,n—qupvq
P q

The proof follows by easy computations.

We will now drop the tilde on the various transformations, i.e., we will
assume that the function g(¢,, ¢,) satisfies the conclusions of the previous
Theorem. We can recover the general result by applying the above
Theorem.

The proof of Theorem III.1 is analogous to the proof of Theorem I.1.
It goes along the same steps of the renormalization group using estimates
analogous to those of Lemmas I1.3-II.11. We will only indicate the non-
elementary changes in the proofs without keeping a detailed account of the
various constants, i.e., the notation (1) will be used for any constant inde-
pendent of 4, # and u.

We first decompose 4° as in Section 2, namely we first apply Lemma I1.2
and we obtain a function B. As in Section II, we set

yl = 6%! +I!
where now
! =t (3g) 712 4(52%, 6 \/2/D (n+ Vi) (I11.2)

with A4 a solution of the complex Ginzburg-Landau equation (abbreviated
below by CGL)

0. A=(1+ix) A"+ (p+iy)nd2A—(1+if) A |A|? (CGL)
with initial condition
A(0, x)=/3g 6~'B(x \/D/2) (CGL")
The remainder 7* satisfies the equation
rl = (AL + R (ITL.3)
where

R =0L'd" +noL" o' +*Q(L', ')
+O°CA, o', ')+ G, 0") — o' ™!
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and the linear operators L, and %, are defined by
Lo=Lv+nLl"v+ Qv, 26" +1')

and
1
Lo=3C(2, 08", 6 +1') + Clo,r's 1)+ | dE D,Gln, 64" +Er') v
0

We first describe the estimations on the linear operators. Note that
Lemma IL7, Corollary 11.8 and Lemma I1.10 follow as before if we have
Lemmas I1.4-11.6.

The following equivalent of Lemma I1.6 is immediate from the above
formulas.

Lemma WN.4. If |67, + |r']l,« <1, then
L= < OO 11 7 + 2] 72)

We now come to the equivalent of Lemma 1.4 and Lemma ILS5.

Lemma Il.6. There are two constants ¢ > 1 and ¢’ > 0 such that for
any 5<06°0*€10,b5/2] (b is the constant of Lemma C3) and for any
t =ty =0 such that

sup (8 "Il + llr'll=) < ¢'6

<s<t
we have
R AP
and
|2, R, ol = < ce =0 0
Proof. We first observe that ¥, =L 4+ %} where
Lv=Lv+nl"y and  Z;=Q(v, 20 +1')

With this notation we have

!
o G=L 0+ Y L Sy

s=tg+1

0
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Using Lemma C3 and Lemma 11.4 we get

1%+ Lyl S O(1) e 1% D

!
+ 3 0 e IO N e+ 2 M)

s=t+1

XNz Ll

The proof of the first part of the lemma follows now recursively.
To get the second part, we use the following formula

t—ty+1
—Jt—f+! ny o’ "y
% "%O_L + Z Z L gtfnlL
k=1 m+ . +m  =t—t+1 -k

nz0..,m 20

! n n 4 n
x ¥ L3"'Lk$t—nl—---—nk—kLk+]

t —n| —I12
The second part of the lemma follows now easily using Lemma IL5 and
Lemma C3.

As explained before, Lemmas I1.7, Corollary II.8 and Lemma IIL.10
follow as before.

We now come to the estimates concerning the forcing term %°. From
Lemma C2, the term 62Q(./°, &°) is at least of order 6“6% For the term
R —520(', o) we have the same estimates as in Lemma IL.3 and there-
fore we get bounds analogous to those of Lemmas I1.9 and IL11.

The proof of Theorem II1.1 then follows exactly the same steps as the
proof of Theorem 1.1 and we will not repeat them here. Finally one has to
apply the inverse of the map & to conclude the proof.

APPENDIX A. SOME ESTIMATES ON THE SOLUTIONS OF CGL

In this appendix we will derive estimates on the solution of equation
(CGL). General estimates were derived before,’® however the present
situation is slightly better in the sense that the initial conditions will never
be larger than some predefined constant. We will also restrict ourselves to
dimensions one and two where the complex Ginzburg-Landau equation is
known to have well behaved solutions for any values of the parameters
o and f. We will in fact obtain a stronger result than what we need in
Sections II and IIL

We consider the equation

0, A=(1+ix) dAA+a(p+iy) A— (1 +if) A |A|? (A1)
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where g is a positive parameter smaller than a given positive constant S,
and «, B, y and p are fixed constants. Note that we could have as well
rescaled ¢ and fixed for example p=1. We will not do this in order to
have an immediate application of the result to Section III.

Lemma A.1. Let A(t, x) be a solution of (A.1). Assume that there
are a number k=2, a constant K> 1 and a constant 6 > 1 such that

sup 07716440, )l .- <K

0</jsk

Then there is a constant M which depends only on K, S, o, §, , p, such
that for any >0

sup 077104 A(1, Y <M

0<j<gk
Moreover, for any integer p <k/2 we have

sup 0701 A4(L ) - <M

Osjsp

There is a number U >0 which is independent of § and 4 such that for
t> U the same estimates hold without the term 67/, We can take U as
small as needed eventually increasing M.

Proof. Let G, denote the function whose Fourier transform is given
by

e97(;«((,() =e~(l + i) k2t

Estimates on the space and time dependence can be obtained by standard
stationary phase arguments.” We then consider the integral equation

A, ) =Gy A0, )+ [ ds G,_ x (a(p +7) A(s, )
0

— (1 +ip) |Als, )I* A(s, -)) (A2)

It is easy to verify that there is a number 1 > 7> 0 which depends only on
k and K, S, a, f, y, p, such that this equation can be solved by the contrac-
tion mapping method on the time interval [0, T] with a solution in the
ball of radius 2K in L. Moreover, the solution is also a solution of (A.1}
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with initial data A(0, -). Taking the successive derivatives in x of (A.2) we
get

QIA(L, )= G, % DA, )+ [ G,y (olp+i7) DIA(s, )
0

—2(14iB) |A(s, )2 07 A(s, -) — (1 +iB) A(s, )2 D/ A(s, -)) ds + F,

where F; is a combination of derivatives of 4 of lower order. Taking if
necessary a smaller T (independently of j) we can again solve this equation
for /A by contraction and obtain recursively estimates on the derivatives
up to order k with the right dependence in 6. The first part of the lemma
is then proven on the time interval [0, T].

We now observe that at time 7 the estimate is in fact better. Indeed
what we said before is also true for the time interval [0, 7/2]. We can now
write another integral equation, namely for T2 <t<T

A )= Gy w AT )+ [ db G (alp+ ) A, )

and for the gradient

VAT, ) = VG py * A(T]2, ‘Hr VG, x(a(p+iy) 0/~ Als, -)

T/2

—(L+iB) [A(s, )I* A(s, -)) ds

We then deduce from the integrability in #= 0 of the L' norm (in x) of VG,
an estimate on the L® norm of the gradient of 4 on the time interval
1772, T] which is independent of 6. Similarly we can control recursively
higher order derivatives by writing down integral equations starting at
various increasing times between 7/2 and T.

In other words, even if we started at time zero with a number 8 which
was quite large, after a time of order at most one we get an estimate where
the function and all its derivatives up to order k are of order unity. The
result for all times then follows immediately from previous results,‘®
Finally the result on the time derivatives follows at once from the result on
the space derivatives using Eq. (A.1).

We now need to prove that when ¢ is small, if at the initial time A is
of order unity, then it will decrease. Note that if « = § = 0 this follows easily
from the maximum principle applied to the square of the modulus of 4. In
the general case, we will use a method of local energy estimate.>?
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Lemma A.2. Given the numbers a, f, p, S, and K as before, there
are a number 6> 0 and a number g, > 0 such that if 6 €[0, 5,] and ¢ > 0,
we have

1A =< S™1/2

Note that we could get a bound of order \/E but after some larger
time which depends on o. One can also derive similar estimates for the
derivatives.

Proof. The proof is essentially based fin a local energy estimate.'®
First of all we can get rid of the term iyocA by considering the function
e~ 7" A(t, x). We introduce then a cut-off function depending on a positive
parameter ¢

811

TR

where d=1 or 2 is the dimension. One then introduces the function of time
(1) = [ ¢(x) 14(1, %)) dx
It is easy to verify using integration by parts that since A is bounded, this

function satisfies

L0 < =2 [ pl0) IVA( )1+ 209 [ 9) 14 (6 )P

+2(1+ o) [ IVo ()] 1VA(, )] 1A(, %) =2 [ o(x) |48, %))

Completing the squares and using that |V¢|/¢ <O(1)e we get for some
number a> 1 independent of ¢

L0 < +2Aop+a?) [ 9(x) 140, WP =2 [ (x) 140, 21

Using the last term on the right hand side to control the first one, we
finally get

L)< ~(op+a) [ o) 1AL 2+ 0 op +ae’)
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This implies since ¥(0) = ¢(1) that beyond a time of order (op + ag®) ™'

have

we

P(1) < O(1)(ap + ac?)

Let now ¢ be larger than the number U of the previous lemma. Then we
have

IVA(L, )|l .= < O(1)

From the previous estimate we also know that the average of | 4| on any
square (segment) of size £~ ' is bounded by O(1)(op + ae?). Given S, this
implies that in dimension one we can choose o, and ¢ small enough such
that the estimate holds. In dimension 2, one needs a similar energy estimate
for the gradient to apply an adequate Sobolev inequality. We refer to the
literature for analogous estimates.

APPENDIX B: PROOF OF LEMMAS I11.4 AND IL5

In this appendix we will always assume that the parameter # is positive
and smaller than one. We will first give an integral representation of the
kernels of the operators L’ and L'R; 4. These operators are convolution
operators with a sequence and we will estimate the /' norm of this
sequence. The operator L' is the convolution with the sequence 2 given by

2n

Zi=0n)t [ ey +Up)) dp (B1)

o

and the operator L'R; , is the convolution with the sequence .#*
aty=m) 7 [ ety (19 (%52 ) ~u (552 ) o (B2
” 0 60 o0

since 27/00 is larger than twice the diameter of the support of .

First of all, since / is C? we can find a positive number a<
min{w, 7 —w) such that on the intervals [ +w—a, +w+a] we have
[I"(¢)+ D| < D/2. Moreover, there is a positive constant B < 1 such that

sup (@) <B

p¢ltw—a, tw+al

In the integral (B1) we separate the domain of integration in the union
of the two intervals [ t®w—a, t@w+a] and their complements. Using
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integration by parts, one checks easily that the contribution of the comple-
ment to the integral is bounded in /' norm by O(1)(1+¢)? (3 + B)". For
the contribution of each interval we obtain by standard arguments® and
using H3

tw+a .
‘(2n)“f e"""’(17+l((p))’a’(o‘S(D(l)e”’t"/2
tw—a
On the other hand, integrating twice by parts we get for 1 >2 and n#0
2n

Py = —(2n) "' [ el (@)n + [ 9))

0
+H(t=1)1'(9)*)(n + Kg)) > do
and by similar estimates as before, for n#0 and ¢>2
|21 | < O(1) n=21 e
Combining the two estimates we get
|2L <O +nPt)~t = Rem
which implies immediately
120 < O(1) ™

and this proves Lemma I1.4.

We now come to the proof of Lemma IL5. First of all, if < (660) 2,
the estimate follows at once from Lemma I1.4 and Lemma II.1 (as long
as 6°0*>#n which is always assumed). From now on we will assume
t=(00)"2

It follows by estimates similar to the previous ones that

l'ﬂ“ S@(l)(l _|_n2/t)—l tl/2e71(D(5292/2——r1)

from which Lemma IL5 follows.

APPENDIX C. ESTIMATION OF OSCILLATING SUMS

Lemma C.1. There are a constant Cy >0, a constant ¢a>0 and a
constant 1 >#,>0 such that if ne[0,#,], if 6,0, B and A satisfy the
hypothesis of Lemma IL3, if the sequences /' and u' are defined by

St =A4%6%,né \/2/D)
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and
ul, = e
then for any integers s and ¢ we have
LUl = < Co(00e™ + e ™)
Proof. From hypothesis H3 it follows that there is a number ¥ >0

such that |4w(mod 27)| > ¥ and |2w(mod 27)| > Y. We can now write for
the kernel of the operator L*

[ e =min+114)) dg

Nl

L¥(n,m)=

L ememig i) dg

2n g rwl>r

1

A A (R
2n iy —wi<x

o [ e gy dg
2 dprwisr
Using techniques analogous to those of the previous appendix, it is easy to
show that the first integral is the kernel of an operator with norm @(1) e ™%
in /* for some constant @ >0 which can be chosen independent of # if
7> 0 is small enough. The second and third integrals are estimated by
similar methods of “summation by parts” and we will only treat the second
one.
We observe that

.1 . ,
Z f[ J;/)i |<Yen/)(nfm)+31wm(’7+l(¢)).v d¢

" 2m

l ei¢(n7m)+3iwm(’7+l(¢))s
=Z(fin_ ;+I)£J(¢Aw|<)’ 1~—ei‘¢‘3“’) d¢

From the properties of the function 4 (see Lemma A.1) we have

=1 1 O(1) 56

m+
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Using again stationary phase methods, it follows as in the previous section
that

1 ip(n—m)+ Jiom +l 5 (9 1 —1/2 ns
_f e _,-<¢(’_73w)(¢)) o] < (s 4
2 Yip—wisr l—e 1+ (n—m)*/s

and the lemma follows.

Lemma C.2. Let (¢, ,) be such that

Y, (L4 ol +1m))**2 g, .| < oo

n,m

and ¢(¢,, ¢,) =0 on a neighborhood of the four points (+w, +w). Then
there is a number J,> 0 such that if &/ is constructed as in II1.2 with an
A(x) such that there is a constant M and a number & > 0 such that

sup 0/ [0/All <M

0<j<k

then

SUP | X 0y, v Tl | SO(1) 36

n,om

Proof. The proof again essentially mimics the proof of the stationary
phase estimates, namely it relies on an integration by parts. Let F(x)=
(3g) 2 4(6%, \/2/D(x + 6Vt)), we have to consider four terms which are
essentially of the same form. We will only treat one of them in detail, the
others are estimated similarly. We have

S dr s m€ " (Sn) F(0m)

n,m

. | )
= T F0n) FOm) 75 [ a(d1, ga) €141 brmon = gy, gy,

n,m

Let w be a positive number such that ¢{¢,, ¢,)=0 on the four sets
[ei0—m,e,0+@] x[e,0— @, e;00+w] where ¢, =11 and ¢, =+ 1. We
now decompose the integration domain into a finite union of domains, in
each of which ¢, or ¢, (but may-be not both) is at a distance at least @
of +w. Let us call 2 such a domain, and assume for definiteness that on
9 we have

inf ¢, tol>v
(¢, $2)e 2
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It is then easy to verify that

1 .
S, F(an) Fom) 7 | (4, §) ehi=onr—mstemwle=m) gy, gg,

nm 47'[2 @

472

=Y F(d(r—n)) F(6(r —m)) 1
X[ a1, gt e gy, dg,

=Y (F(6(r—n))— ((r—n+1))F((5m)4—3

n,.m

q(¢ ’¢ ) i —w)n —w)ym
XLJ T(;ﬁe(w, It =@ m gy g

From our hypothesis, we have
|F(8(r—n))— F(8(r—n+1))| <0O(1) 66

The result follows by several applications of the argument, and controlling
the convergent of the ensuing sum by the summability properties of (g, ,,,).

Lemma C.3. There is a number b >0 such that if 0 <y <1, if the
sequence (g,, ,,) is such that

X (L4 nl+1m))? gy, | < 0

n,m

and ¢(¢,, ¢,) =0 on a neighborhood of ¢, + ¢, = +w, then for any t=0
we have

1L q(ew)ll ;= < O(1) e |l )= I wll =

Proof, We have easily the formula

1
(g0, = T vty gz [ 01+ )+ 1m(d 62

X q($y, §) e MRl gg de,

The result follows at once from the fact that on the support of ¢ we have
¢, + ¢, # + . The necessary summability results are obtained by integra-
tion by parts as in the previous lemma.
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